We prove that varieties are uniquely determined by the derived category of O[[ ]]-modules with coherent cohomology which is the same as O-modules proved by A. Bondal and D. Orlov. We also generalize a theorem of Orlov.
Introduction
Let X be a smooth projective variety. In [BO01] , A. Bondal and D. Orlov proved that X can be reconstructed from its bounded derived category with coherent cohomology when it has ample or anti-ample canonical bundle. The point of this reconstruction uses the facts that the Serre functor corresponds to an ample or anti-ample line bundle (together with a shift).
More precisely, let X, Y be smooth projective varieties, we denote by D In this paper, we are interested in the study of modules over the ring
with formal parameter and consider the same question as Theorem 1.1. Such modules naturally appears when studying deformation quantization modules (DQ-modules) in [KS12] . We obtain the same result for O X -modules. More precisely, we prove that The method of the proof of Theorem 1.2 is the same as Theorem 1.1 in [Huy06] and the key point is the existence of the Serre functor.
Recall that for smooth varieties X, Y and E ∈ D Similarly, we have the well-defined functor as in (1.1) for DQ-modules. Note that if Question 1.6 below has a positive answer, then Theorem 1.2 may be deduced by the following theorem. (ii) The functor
is fully faithful (resp. an equivalence of triangulated categories).
Therefore, the most interesting question would be the existence of FourierMukai kernels for DQ-modules. Question 1.6. Let A X (resp. A Y ) be a DQ-algebroid on X (resp. Y ). If there exists an equivalence of triangulated categories
This paper is organized as follows: In section 2, we review some results about DQ-modules in [DGS11] and [KS12] . We establish a fully faithful functor between the derived categoy of algebraic O X -modules and the derived category of analytic O Xan -modules in section 3. Section 4 contains some results about the triangulated category D b coh (O X ) in [Huy06] . Finally, we prove Theorem 1.2 and Theorem 1.4 in section 5 and section 6 respectively.
Note:
In this paper, we assume that varieties are smooth over complex number field C.
Notations

Denote by
Let (X, A X ) be a topological space endowed with a sheaf of algebras over
We denote by (1.7) (·)
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2 Review on DQ-modules (after [KS12] and [DGS11] )
In this section, we review some definitions and results in [KS12] and [DGS11] which we will need in this paper.
Modules over formal deformations
Let X be a topological space, A a sheaf of Z[ ]-algebra on X and a section of A contained in the center of A . Let M ∈ Mod(A ). Set
One says that M has no -torsion if : M → M is injective and M iscomplete if M → M is an isomorphism. Set
We assume the following conditions:
(i) A has no -torsion and is complete,
(ii) A 0 is a left Noetherian ring, (iii) there exists a base B of open subsets of X such that for any U ∈ B and any coherent (A 0 | U )-module M , we have H n (U ; F ) = 0 for any n > 0.
Consider the functor
and let a ∈ Z. Then we have an exact sequence of A 0 -modules
For M , N ∈ D(A ) and P ∈ D(A op ), one has isomorphisms:
Cohomologically -complete modules 
The functor gr induces the following functor (we keep the same notation):
coh (A ) and let a ∈ Z. The conditions below are equivalent: 
Formal extension
Let R 0 be a sheaf of rings on a topological space X and let
be the formal extension of R 0 , whose sections on an open subset U are formal series r = ∞ n=0 r j n , with r j ∈ Γ(U ; R 0 ). Consider the associated functor
where R n := R/ n+1 R is regarded as an (R, R 0 )-bimodule. Since R n is free of finite rank over R 0 , the functor (·) is left exact. We denote by (·) R its right derived functor. . Let T be a basis of open subsets of the site X or, assuming that X is a locally compact topological space, a basis of compact subsets. Denote by J T the full subcategory of Mod(R 0 ) consisting of T -acyclic objects, i.e., sheaves N for which H k (S; N ) = 0 for all k > 0 and all S ∈ T . Then J T is injective with respect to the functor (·) . In particular, for N ∈ J T , we have N ≃ N R .
Proposition 2.9. The following sheaves are acyclic for the functor (·) :
(i) quasi-coherent modules over the ring O X of regular functions on an algebraic variety X,
(ii) coherent modules over the ring O Y of holomorphic functions on a complex analytic manifold Y .
In particular, the functor (·) is exact on Mod coh (A 0 ) and preserves coherence. One thus gets a functor
DQ-algebroids
Let (X, A X ) be a variety endowed with a DQ-algebroid A X . Then we have the C-algebroid stack gr (A X ).
There is a natural functor A X → gr (A X ) of C-algebroid stacks. Since gr A X ≃ O X , this functor induces a functor
The functor ι g admits a left adjoint functor M → C ⊗ C M . The functor ι g is exact and fully faithful and it induces a functor
Moreover, the functor gr extends to the algebroid stack A X :
Notice that O X can be endowed with a structure of ( Let x be a closed point in X, we denote by k(x) := C(x) the skyscraper sheaf supported in x with value C.
From the proof of Lemma 2.1, we have the following result.
Proposition 2.12. The functor ι g induces a functor (2.6)
For an algebroid A on a topological space, we shall write "σ ∈ A " instead of "σ ∈ A (U ) for some open set U ".
Definition 2.13. An A -module L is invertible if it is locally isomorphic to A , namely for any σ ∈ A , the E nd
Definition 2.14. Let A and A ′ be two sheaves of C-algebras.
give isomorphisms of A-modules and A ′ -modules, respectively.
Definition 2.15. For two algebroids A and A ′ , we say that an (
We denote by X a the variety X endowed with the algebroid A op X , that is:
. Note that this is also a DQ-algebroid.
Then the following conditions are equivalent.
). The category of bi-invertible (A X ⊗A X a )-modules has a structure of a tensor category with unit object A X .
Corollary 2.19. For a bi-invertible (A X ⊗ A X a )-module P, gr P is a line bundle.
Remark 2.20. The above results hold in particular when replacing
A fully faithful functor
Let X be a smooth algebraic variety with associated complex manifold X an . We have a natural morphism
of topological spaces and a morphism ι −1 O X → O Xan of sheaves of rings. Hence we get a functor
which induces the functor of full triangulated subcategories formed by coherent cohomology (we keep the same notation)
We also have the following functors induced by (2.3) and (2.4):
Definition 3.1. We define the functor (·) an to be the compositions of the functors (3.2), (3.3) and (3.4):
Theorem 3.2. Assume X is projective. Then the functor (·) an of (3.5) is fully faithful.
Taking gr to (3.6) and using Serre's GAGA theorem (cf.
[Che10] Corollary 1.4), (2.2) and Proposition 2.10, we get the following isomorphism
Since the functor gr is conservative by Corollary 2.7, this implies that (3.6) is an isomorphism and the result follows.
We denote by Ω p X (resp. Ω p Xan )) the sheaf of regular (resp. holomorphic) p-forms on X (resp. X an ) and set Ω X := Ω dimX X (resp. Ω Xan := Ω In this section, we review some results in [Huy06] . 
(ii) Hom(P, P [i]) = 0 for i < 0 and (iii) k(P ) := Hom(P, P ) ≃ C.
An object P satisfying (iii) is called simple. 
for some closed point x ∈ X and some integer m. Definition 4.6. Let D be a triangulated category with a Serre functor S. An object L ∈ D is called invertible if for any point like object P ∈ D there exists n P ∈ Z (depending also on L) such that 
Proof of Theorem 1.2
In this section, we shall prove Theorem 1.2 as stated in the introduction.
Let (X, A X ) be a projective variety endowed with a DQ-algebroid A X . Recall from [Che10] that the morphism ι : X an → X of (3.1) induces an analytic DQ-algebroid A Xan on X an and the natural functor
induces the following equivalence 
where Ω X is an invertible O X -module such that (Ω X ) an ≃ Ω Xan (cf. Lemma 3.3).
Proof. The proof is the same as Theorem 5.1 and using Theorem 3.2.
We recall the following definition.
Definition 5.3. We say that two functors F, F ′ : A → B from category A to B are isomorphic if there exists a morphism of functors ϕ : F → F ′ such that for any object A ∈ A the induced morphism ϕ A :
Proposition 5.4. Let X and Y be projective varieties. Assume that F :
is an equivalence. Let S X (resp. S Y ) be the Serre functor of X (resp. Y ) in Theorem 5.1. Then there exists an isomorphism Using the hypothesis that F is an equivalence and in particular that any object in B is isomorphic to some F (A) one concludes that there exists a functor isomorphism
Lemma 5.5. Let X be a projective variety. Then the objects of the form ι g k(x) with x ∈ X a closed point span the triangulated category
Proof. First we prove the condition (i) in Definition 4.1: Hom AX (M , ι g k(x))[i] = 0, then we get
Since objects k(x) span D b coh (O X ) by Proposition 4.2, we get gr M ≃ 0 which implies M ≃ 0 by Corollary 2.7. The condition (ii) is similar to (i) by Proposition 2.11. Proposition 5.6. We have
Proof. Consider the following distinguished triangle
which induces the exact sequence
Now the results follow from Proposition 2.11 and Proposition 2.12.
Lemma 5.7. There exists a natural isomorphism
Hence the identity of k(x) defines a morphism
is an isomorphism which implies that ϕ is an isomorphism by Corollary 2.7. Hence we obtain
Proposition 5.8. Let X and Y be projective varieties. Assume
Taking gr functor, we obtain gr
Definition 5.9. Let D be a C -linear triangulated category with a Serre functor S. An object P ∈ D is called point like of codimension d if
An object P satisfying (iii) is called simple.
Lemma 5.11. Let X be a topological space with sheaf of rings R X . Suppose M ∈ D b coh (R X ) and supp(M ) = Z 1 ∪ Z 2 where Z 1 , Z 2 ⊂ X are disjoint closed subsets. Then M = M 1 ⊕ M 2 with suppM j ⊂ Z j for j = 1, 2. In particular, the same result holds when replacing the sheaf of rings R X by the DQ-algebroid stack A X .
Proof. We have the following distinguished triangle
Since RΓ Z1∩Z2 (M ) = 0 and RΓ Z1∪Z2 (M ) = M , we get
It remains to prove that RΓ Z1 (M ) and RΓ Z2 (M ) are coherent. We have the following two exact sequences Proof. Let us show that M is concentrated in exactly one closed point. Otherwise M could be written as direct sum M ≃ M 1 ⊕ M 2 with M j ≃ 0, j = 1, 2 by Lemma 5.11. However, a direct sum of two non-trivial complexes is never simple, Indeed, the projection to one of the two summands is not invertible.
Thus, we may assume that the support of all cohomology sheaves H i of M consists of the same closed point x ∈ X. Set m 0 := max{i|H i = 0} and m 1 := min{i|H i = 0}.
Since both modules H m0 = ι g F 0 and H m1 = ι g F 1 are concentrated in x ∈ X and there exists non-trivial homomorphism F 0 → F 1 , there exists nontrivial homomoprhism H m0 −→ H m1 because ι g is fully faithful. Now the composition
is nontrivial. This shows m 0 = m 1 by Definition 5.9 (ii).
Proposition 5.13. Let X be a projective variety. Suppose that Ω X or Ω * X is ample. Then the point like objects in D b coh (A X ) are the objects which are isomorphic to ι g k(x) [m] , where x ∈ X is a closed point and m ∈ Z.
Proof. Let P be a point like object in D b coh (A X ). Then : P −→ P is zero. Indeed, if : P −→ P is not zero then it is an isomorphism since Hom(P, P) is a field. Then from the distinguished triangle
we get gr P ≃ 0 which implies that P ≃ 0 a contradiction. Hence we get H j P = 0 for each j and Proof. First, it is easy to check that there is a bijection between point like objects and point like objects.
Next we shall prove that point like objects in D Since F is an equivalence, for any closed point y ∈ Y there exists a closed point x y ∈ X and an integer m y such that
Suppose there exists a point like object P ∈ D b coh (A Y ) which is not of the form ι g k(y)[m] and we denote by x P ∈ X the closed point such that F (ι g k(x P )[m P ]) ≃ P for a certain m P ∈ Z. Note that x P = x y for all y ∈ Y . Hence we have for all y ∈ Y and all m ∈ Z Now we prove that if P is an invertible A X -module then F (P) is an invertible A Y -module up to a shift functor.
Since
for some line bundle L by Corollary 2.19, Proposition 4.5, and Proposition 4.7. Hence F (P)[−m] is invertible, we get the result.
Proposition 5.15. Let X and Y be two projective varieties. Assume
is fully faithful, then it induces a fully faithful functor
Proof. We have
Now we are ready to prove Theorem 1.2.
Theorem 5.16.Let X and Y be two smooth projective varieties and assume that the (anti)-canonical bundle of X is ample. If there exists an exact equivalence
In particular, the (anti)-canonical bundle of Y is also ample.
Proof. We first assume that Ω Y is ample. By Corollary 2.18 and Lemma 5.14, we may assume that F (O X ) ≃ O Y . Since F is an equivalence, dimX = dimY = n by Proposition 5.8, this proves
Using the fact that F ′ is fully faithful by Theorem 5.15, we have
The product in H 0 (X, Ω ⊗k X ) can be expressed in terms of compositions: namely, for
• s 1 and similarly for sections on Y . Hence, the induced bijection
is a ring homomorphism. Since Y is also ample, then it shows
is ample, we have proved the assertion.
Finally, we shall remove the assumption of the ampleness of Ω Y by proving that it is really an ample line bundle.
We continue to use that for any k(y) with y ∈ Y a closed point, there exists a closed point
Indeed, for any k(y) with y ∈ Y a closed point, we have
Hence by Lemma 4.8, Also, we get 
6 Proof of Theorem 1.4
We first review the notions of generators and compactness in triangulated categories.
Definition 6.1. Let T be a triangulated category. Let I = (C i ) i∈I be a set of objects of T . One says that I generates T if for every D ∈ T such that Hom T (C i [n], D) = 0 for every C i ∈ I and n ∈ Z then D ≃ 0.
Definition 6.2. Let T be a triangulated category. Assume that T admits arbitrary small direct sums. An object T in T is compact if Hom T (T, ·) commutes with small direct sums. We denote by T c the full subcategory of T consisting of compact objects.
Let X be a variety, we denote by D qcoh (O X ) the derived category of O Xmodules with quasi-coherent cohomology sheaves and Perf(X) the category of perfect complex on X. Since X is smooth, we have Perf
Definition 6.4. A triangulated category T is called compactly generated if it admits arbitrary small direct sums and is generated by a set I of compact objects of T . Let S be a compactly generated triangulated category, T any triangulated category. Let F : S → T be a triangulated functor. Suppose F commutes with small direct sums; that is, the natural map
is an isomorphism. Note that although we are not assuming that T has direct sums, we are assuming that the object on the right is a direct sum of the objects on the left. Then F has a right adjoint G : T → S. Now we begin to prove Theorem 1.4 assuming the following equivalence
. For a scheme X, we denote by D(Qcoh(X)) the derived category of quasicoherent sheaves on X, D b (coh(X)) the bounded derived category of coherent sheaves on X and Perf(X) the perfect complex on X.
Recall that for schemes X, Y and E ∈ D(Qcoh(X×Y )), we have the following Fourier-Mukai transform:
We have the following results.
Theorem 6.7. ([LO10, Corollary 9.13]). Let X be a quasi-projective scheme and Y be quasi-compact and separated scheme. Let F : Perf(X) → D(Qcoh(Y )) (we keep the same notation as (6.1)) be a fully faithful functor. Then there is an object E ∈ D(Qcoh(X × Y )) such that (1) the functor Φ E | PerfX : Perf(X) → D(QcohY ) is fully faithful and Φ E (P ) ≃ F (P ) for any P ∈ Perf(X),
is fully faithful and also sends Perf(X) to Perf(Y ),
Now we assume that X, Y are smooth varieties. Recall that we have the following equivalences:
Corollary 6.8. By Theorem 6.7, there exists
is fully faithful and
We denote by D qcc (O X ) the full subcategory of D(O X ) consisting of cohomologically complete and quasi-coherent O X -modules. 
Definition 6.14. We denote by (·) cc the functor 
is an isomorphism; that is, Rf * commutes with direct sums. 
Define a functor
Proposition 6.21. The functor Φ E R commutes with direct sums, i.e., the following natural morphism is an isomorphism:
Proof. The first arrow is the natural morphism. The second isomorphism follows from Corollary 6.20. Finally we have the following morphisms
and
From the natural morphism
we get the following morphism
Taking gr functor and use Corollary 6.15 and Proposition 6.19, we get Taking gr functor, and using Φ E is fully faithful, we get Φ E R is fully faithful. Now use Theorem 6.5, Proposition 6.13 and Proposition 6.21 and the finiteness of convolution. 
